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The general problem of the stabilization to asymptotic stability {1] of the steady state mo-
tions of nonlinear control systems is considered in paper|2|. The present paper considers
the conditions of stabilization of a nonlinear system in the critical case of a double zero
root.

1. Let us consider the control system
dy/dt=[(t, y, w) (y € {(R™%), we (R™}) (L1

where f is a given vector function; y is the (n + 2)-dimensional vector of the phase coordin-
ates of the system; w is the m~dimensional vector of the control. The vector y is subject
to small perturbations x, such that in (1.1)

y=y* () + 2 (1) (1.2)
where y * () is a given motion caused by the control w * (¢, ¥ * (¢t)). We shall denote
u=w—w* (1.3)

Substituting (1.2) and (1.3) into (1.1) and expanding the right-hand sides in powers of x,
u, we get the following Eqs. of the perturbed motion

V(0 Y, (1.4)
or — 7 et N . t,x, u 1.4
dt {Z‘l‘(ayi-l_jzl 0w, 6yi>x’+7§1 dw; “ T el )

Here the derivatives are computed along the motion y = y*(2), w = w*(¢); g (¢, %, u,)
represents the terms of order higher than the first in x, u. We shall assume that the order of
smallness of 4 is not lower than that of x, i.e. u (¢, 0)=0 (£ > 0):

i =1 m
luj(t, 2") —u; (2, @) [ a D) |2 — 2| (a>o’, coﬁst)
i=1
for small x’, x”.

If for u = O the unperturbed solution x = 0 of the system (1.4) is unstable, then there ap-
pears the problem of the stabilization of the motion (1.1), i.e. the problem of the choice of
a control u (¢, %) such that if it is substituted into (1.4) the zero solution x = 0 by asympto-
tically stable according to Liapunov [1].

We shall assume that the unperturbed solution has reached the steady state. Thus we
shall consider the system

dz/dt = Az -+ Bu-+ g(z, u) (1.5)
where x is the (n + 2)-dimensional vector of the perturbation, 4 is the m dimensional vector
of the control, which we shall consider as unaffected by disturbances; 4 and B are constant
matrices of appropriate dimensions. We shall assume that all the coefficients of Eq. (1.5)
are real and that g (x, u) is a function analytic in x and u of an order which cannot be lower
than the second.

2. Let it be the critical case of a double zero root [2].
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Let us consider the first case in which the zero root does not make zero at least one of
the (n + 1) order minors of the characteristic determinant of the system of equations of per-
turbed motion under consideration or, what is the same, one group of solutions of the sys-
tem first order approximation corresponds to the root.

Then, by means of a nondegenerate coordinates change, the matrix of which can be con-
structed, following [1 and 2] by taking £, n for new coordinates and assuming x; = v; =1,
2,vv.sn ), we may bring the system (l.g) into the form

d d
%: NEXE N u), =Y (€ o), g =Aw- B+ Z(E 0, v, u)(21)

Here £, 1 are the scalars; v is the n-dimensional vector of components v,; 4o and B
are constant matrices of order n X n and n X m; Z is a vector-function of components Z_; X,

Y, Z, are analytical nonlinearities in §, 7, v, u.

The stabilization problem for the system of Eqs. (1.5) with respect to the variables x;
(i =1, 2-0e0n + 2) is equivalent to the same problem for the system (2.1) with respect to
the variables £, 7, v; (i = 1, 2,...,n ). Let us consider the system

dv [ dt = Ay + Bgu
which satisfies the stabilizability condition, indicated in the theorem 3.1 of paper [2]. (See
also[3 to 5]). Consequently, on the basis of the Theorem 3.1 there exists a linear control
uy (v) = Pv (2.2)
such that the trivial solution of the system of linear equations with constant coefficients
dv/dt = (Ay + ByP) v

is asymptotically stable. Here, P is a certain m X n constant matrix.
Let us search for the system (2.1) a nonanalytic control of the form

e o) .
i ] ie® g K (]:1,2,...,m)
u (E: | 5[: U) 24 (7-7) + s+g=l ask E I E ' S>0’ k>0 (2-3)
For £ = 0 an analytic control is obtained. The use of the nonanalytic control increases
notably the stabilization possibilities.
In agreement with Liapunov’s method let us consider the system
AOU + Bou + Z (Ev n v, u) =0 (2'4)
If the control (2.3) is substituted into (2.4), its functional determinant with respect to v,
for zero values of £, N, v; is different from zero [2] (See also[3 and 4]). Therefore there
exists a solution of the system (2.4) in the neighborhood of the origin of the coordinates (
(£=0,7=0, v=0), which can be represented by the series
[o0]

Uioz a igslglknl (i:1,2,...'” ) (2.5)
: s+k§+]l=2 okl $>0, k30, 1>0
where the coefficients a,,] are functions ofa, A

After substitution of (2.2) and (2.3), into (Z.f) the functions Y (&, | €|, 0, v), Z(£, | €],
7, v) of the right-hand side of the second and third equations of that system have the form

Y (5 [ELM 0) = YOE, |ED+ n(Y)E | E ) +... (2.6)
ZE|EL M 0) = 20¢, 1B+ 2V &) +... (2.7)

Here the terms omitted do not include 7 at a power lower than the second. The coeffic-
ients of the expansion of the functions Y, Z() are expressed in a specific manner by the
coefficients a.g . ’

We shall denote the powers of the smallest terms in the expansion of the functions Y (0)
Y (1), Z(0), Z(1) respectively by p, ¢, p,, 94 (P 32,92 L pa 22 qa2 i s =1, 2,...,n).

The series (2.6) and (2.7) appear as functions ¥, Z in the right-hand side of the system
(2.1) after Liapunov’s transformation

v,=v°+v* (i=1,2...,n) (2.8)
if we take v;* = 0.

For such a choice of the control (2.3) and after substitution of (2.8) into the system (2.1)
the right-hand sides of the transformed system can have discontinuities on the surface &= 0,
Thus, the convergence principle [8} is also valid in that case.

By means of the transformations (2.8) whick do not change the form of the system (2.1)
we may always obtain a new system. [6 and 7] which depends on the structure of the right-
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hand sides and can be referred to one of the following cases
D HYOE, |E)=0,YUE, |2) = 0,thenZOFE]) = 0,gs > q(s=1,...0)
2) HYOE |E)=YPE|E)=0,thenZOF |E]) = ZWEEN=0

3 HYOE, |E) £ Othenp, >p; thus g, >4, if p>q or g >p,

if ¢g>p(s=1,2,...,n)

Furthermore, it can always be assumed [6 and 7] that X (£, 0, 0)= 0. We shall examine
each of these cases in succession.

Next, we shall follow the known stability theory in the critical case of a double zero
root [6 and 7] and also the developed stabilization theory [2]. The validity of the state-
ments made below follows from Liapunov’s theorems and Chetaev’s instability theorem [9],
for a quasi-analytic system.

8. Let us assume the conditions (1) are satisfied. Let us denote the sum of the coeffi-
cients of all the even functions of the ensemble of the terms Y(l)(bf, | £]) in (2.6) by b,
and analogously the sum for the odd functions by b, * (k 3 1), which depend in a definite
manner on the coefficients a_Js Here and from there on, the indices of the coefficients of
the function Y O (&, | £]) wilf also denote the powers of the corresponding terms.

If the coefficients a,] of (2.3) can be chosen such that the condition

by <—1b.*| (g =mink>1) (3.1
is satisfied, then the stabilization of the system (2.1), and consequently (1.5) are guarant=
eed by the control (2.3). The unperturbed motion of the system (2.1) is stable, and each per-
turbed motion, sufficiently close to the unperturbed one, asymptotically comes closer to
some steady state motion £=a, n=1v, =0,

If the condition (3.1) is not fulfilled, but the weaker condition by =— | bq'| is satisfied,
then one should consider the ensemble Y(l)(f. Iﬂ ) of the terms of the next order. Thus if
the remaining coefficients a.kl can be chosen such that after a step k& > g the condition

bk<—-j|bk*| or bk*bq*<0, bk<]bk*l
is satisfied, if the relations
] * %, % .
bq+ibq >0, bq+i: "'bq+il or bq+ibq <0, bq+i = |bq+i|
(i<k—g—1; i=0,1,.. ., K) (3.2)

are satisfied, then the stabilization of the system (2.1) is assured and the control (2.3) is
constructed.

If for any possible values of a,,/ the coefficients of the smaller terms satisfy the con-
dition 5. > 0 or | bq‘| > — by for by 0, or if for some k > g and the conditions (3.2) one of
the conditions

by <0, b >1b.*: b *b,* >0, b >—b.*]
is satisfied, then the stabilization is not possible by means of the control (2.3).

In the case (2) the system (2.1) cannot be stabilized by the given method.

Let us consider the case (3). Let us point out here, that under certain conditions we
shall assume further on that X = 0, and that the functions Z, (£, lfl, 7, 0) (2.7) do not con-
tain terms of any arbitrary high order. This is always possible by means of some transforma-
tion [6 and 7] which does not change the form of the system (2.1). Let us denote the sum of
the coefficients for all even functions of the ensemble of the terms Y (®)( &, | €|) by a, and
the analogous sum of the odd terms by a,* (s 3 2); these coefficients are functions of the

j
1Y &
If, by an appropriate choice of the a.‘ it is possible to obtain that for
k<s, k+s=2v+1 (3.3)
the conditions
a*<<—la,l, b, <—1b* (p=mins>2, ¢=mink>1) (3.4)

be fulfilled, then the control (2.3) assures the stabilization of the system {2.1).
If the conditions (3.4) are not fulfilled, but the conditions
ap'=—-|ap|, b, =b*<0 (3.5)
are at least satisfied, then one should consider the ensemble of the terms of the next order
Thus the control (2.3) is obtained, if after some step for s > p, k> ¢ and (3.3) the conditions
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at <l —|a,], a'ap<0, ar*<]a,l, bk<bk‘
are satisfied, and furthermore
bgsi =Dbgst (for i=0)

»
ap+jap>0, aN?:_]amil or ap‘_’ap<0, ap+’=|ap+,.| (3.6)

for each
iKrn—qg—14, s—p—1 (i=0,1,..,Ky;7=0, 1,..., Ky)
Note 3.1. If only one of the conditions (3.4) is not satisfied, but the corresponding
condition from (3.5) is met, then one must search for approximations for the corresponding

coefficients, (3.3) being satisfied.

Note 3.2. If the stabilization of the system (2.1) is assured because the conditions
(3.4) are met, it is sufficient to take a control (2.3) of the form

W = u05 (v) + amjg + at)lj‘El

The stabilization of the system (2.1) by the control (2.3) is not possible if for any
choice of the coefficients a,,/ one gets

ay*>0; lap]>—ap’ for a,*<0

ar <—la,l. b, > b1 for (3.3) (3.7)
or, if after some step s > p, k > ¢ and (3.3) at least one of the following inequalities is sat-
isfied

asap<0, az*>la,l; a’ap>0, at>—]a,|
bk> bk‘ for (3.6), bq+i=bq+i' for ik—g—1 (i=0,1,...,K)
b,=1b*>0 for i=0.
Let us note that if only one of the conditions (3.7) is not satisfied it is necessary to

search for approximations of the corresponding coefficients. The systems (2.1) are not
stabilized by this method either if

et < —layl, br>1b,|  for g<Ya(p—1) or
(by+ 5P +4(a+1)(a,+2,)>0  for ¢="s (p—1)

Now let us considerthe case when

a0 <—layl, ¢>h(p—1)
(b, + b2 +4(g+1)(a,+a,1)<0, g=1a(p—1)

Letp=2m —1(m 31 is an integer). Let ys bring to_consideration the functions of Lia-
punov Cs and Sn, determined by the relations [ 1, 6 and 7
Cs®™0 - mSn?6=1, CsO=1, Sn0=0
dCs0/d0 =—Snb, dSn6/de = Cs*™19
Let us assume the construction such that the transformation (2.8) is continuous. We trans~
form the system (2.1) by means of the substitution

E=1rCsb, N = — r™Sné
Then eliminating time ¢ from the first two equations, we get
dr/d0 = r*R, (8) + PRy (0) 4+ ... for ¢g>m —1 (3.8)

Here R, (8) (k = 2, 3,...) are functions with respect to Cs 8, Sn# of the form Y! in (2.6)
with coefficients depending on a,J. The solution of Eq. (3.8) is sought in the form
r=c¢+ ctuy, (0) + Auz (6) 4 ... (3.9)
with the initial condition r (0, ¢) = ¢. Substituting (3.9) into (3.8) we get for u, ()
dug / dO = Ry (8) = Fy (D), duy/ d0 = Ry (8) + 2 Rz (8) uy (0) = F3 (0) ,...

Let us assume that some of the coefficients u,, u3 are nonperiodic. Let u,,(8) be the first
nonperiodic one
2n

um=g0+G(0)(G(0)=G(0 +2m), g=%S F,, (8)d0 qeo)
0

Then the control (2.3) assures the stabilization of the system, if the coefficients a,
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can be chosen such that the condition g < 0 be satisfied,
If g > 0, it is not possible to stabilize the system using this method. If the conditions

g=m—1, (b, +b*}+4m (ap—{—ap")<0
are satisfied, the equation analogous to Fiq. (3.8) has the form
dr/dd = r Ry (8) + PR, () + PR3 (8) + ...
where R, () (k =1, 2,...,) are functions having the same structure as Eq. (3.8).
In that case the solution of the equation is sought in the form
r = cuy (0) + c*uy (8) + Suz (6) + ...
and the stabilization conditions are analogous to the previous ones.
If we take k = 0 in (2.3) we get an analytic control of the form

o3
W= ug (v) + 2 X
s=]
In that case, the stabilization of the system is possible, and the solution of the problem
can be obtained by adapting known investigation methods of the stability theory [6 and 7].
The author thanks V.V. Rumiantsev for his valuable advice and the discussion of the re-
sults.
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